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➢ In RL, the agent needs to explore the unknown environment. 

➢ Exploration is costly.    



Safe Exploration 

➢ Objective #1:  maximize the long-term reward.

➢ Objective #2:  maintain the long-term constraint satisfaction. 



Environment Model

➢ ( episodic ) Constrained MDP / CMDP  𝒮, 𝒜, 𝐻, ℙ, 𝑟, 𝑔 

𝑥1, … , 𝑥ℎ , 𝑎ℎ ∼ 𝜋ℎ ⋅ 𝑥ℎ , 𝑟ℎ 𝑥ℎ , 𝑎ℎ , 𝑔ℎ 𝑥ℎ , 𝑎ℎ , 𝑥ℎ+1 ∼ ℙℎ ⋅ 𝑥ℎ , 𝑎ℎ)

Altman, ’99



Environment Model

maximize       𝑉𝑟,1
𝜋  ( 𝑥1 )

subject to        𝑉𝑔,1
𝜋  𝑥1 ≥  𝑏

➢ ( episodic ) Constrained MDP / CMDP  𝒮, 𝒜, 𝐻, ℙ, 𝑟, 𝑔 

𝑥1, … , 𝑥ℎ , 𝑎ℎ ∼ 𝜋ℎ ⋅ 𝑥ℎ , 𝑟ℎ 𝑥ℎ , 𝑎ℎ , 𝑔ℎ 𝑥ℎ , 𝑎ℎ , 𝑥ℎ+1 ∼ ℙℎ ⋅ 𝑥ℎ , 𝑎ℎ)

➢ Find an optimal policy 𝜋⋆ that solves,

Altman, ’99

𝜋

➢ 𝑉𝑟,1
𝜋 𝑥1 = Ε𝜋  ∑ℎ = 1

𝐻 𝑟ℎ 𝑥ℎ , 𝑎ℎ  | 𝑥1

➢ 𝑉𝑔,1
𝜋 𝑥1 = Ε𝜋  ∑ℎ = 1

𝐻 𝑔ℎ 𝑥ℎ , 𝑎ℎ  | 𝑥1
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algorithm for CMDPs in the function approximation setting ?

This Work
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➢ Online episodic constrained MDP 𝒮, 𝒜, 𝐻, ℙ, 𝑟, 𝑔   

𝜋𝑘  =  { 𝜋ℎ
𝑘 ⋅ ⋅  }ℎ = 1

𝐻 , 𝑘 = 1, 2, … , 𝐾
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➢ Provably sample efficient 

Regret 𝐾 = ෍

𝑘 = 1

𝐾

𝑉𝑟,1
𝜋⋆

𝑥1 − 𝑉𝑟,1
𝜋𝑘

𝑥1 Violation 𝐾 = ෍

𝑘 = 1

𝐾

𝑏 − 𝑉𝑔,1
𝜋𝑘

𝑥1
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Linear Function Approximation 

Yang, Wang, ’20
Ayoub, Jia, Szepesvari, Wang, & Yang, ’20
Zhou, He, Gu, ’20

➢ Kernel feature map 𝜓: 𝒮 × 𝒜 × 𝒮 →  ℝ𝑑1

ℙℎ  𝑥′ | 𝑥, 𝑎 =   𝜓  𝑥, 𝑎, 𝑥′ , 𝜃ℎ 

➢ Reward/utility feature map φ: 𝒮 × 𝒜 →  ℝ𝑑2

𝑟ℎ  𝑥, 𝑎 =   φ  𝑥, 𝑎 , 𝜃𝑟,ℎ  and 𝑔ℎ  𝑥, 𝑎 =  φ  𝑥, 𝑎 , 𝜃𝑔,ℎ  

➢ Special cases: finite CMDPs, linear mixture kernel, etc.
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Lagrangian-Based Policy Optimization 

➢ Saddle-point problem 

➢ Primal-dual update

maximize minimize ℒ 𝜋, 𝑌  ≔  𝑉𝑟,1
𝜋 𝑥1  −  𝑌 𝑏 − 𝑉𝑔,1

𝜋 𝑥1

Penalty

𝜋 𝑌 ≥  0

Objective 

𝑌𝑘  ⟵  Gradient Descent 𝜋𝑘−1, 𝑌𝑘−1, ∇𝑌ℒ 𝜋𝑘−1, 𝑌𝑘−1

𝜋𝑘  ⟵  Gradient Ascent 𝜋𝑘−1 , 𝑌𝑘−1, ∇𝜋ℒ 𝜋𝑘−1, 𝑌𝑘−1



Lagrangian-Based Policy Optimization 

➢ Saddle-point problem 

➢ Primal-dual update

➢ Used in AC (Borkar, et al., ’05), RCPO (Tessler, et al., ’19), 
dualDescent (Paternain, et al., ’19), NPG-PD (Ding, et al., ’20), et al.  

maximize minimize ℒ 𝜋, 𝑌  ≔  𝑉𝑟,1
𝜋 𝑥1  −  𝑌 𝑏 − 𝑉𝑔,1

𝜋 𝑥1

Penalty

𝜋 𝑌 ≥  0

Objective 

𝑌𝑘  ⟵  Gradient Descent 𝜋𝑘−1, 𝑌𝑘−1, ∇𝑌ℒ 𝜋𝑘−1, 𝑌𝑘−1

𝜋𝑘  ⟵  Gradient Ascent 𝜋𝑘−1 , 𝑌𝑘−1, ∇𝜋ℒ 𝜋𝑘−1, 𝑌𝑘−1



Approximate Lagrangian

➢ Local approximation in TRPO/PPO 

Schulman, et al., ’15 & ’17

𝑉𝑟,1
𝜋 𝑥1 ≈ 𝑉𝑟,1
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𝑥1 + ෍
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Primal-Dual Proximal Policy Optimization 

Achiam, Held, Tamar, & Abbeel, ’17
Cai, Yang, Jin, Wang, ’20

➢ Primal update 

𝜋𝑘 ⟵ argmax ෍

ℎ=1

𝐻

𝑄𝑟,ℎ
𝜋𝑘−1

+ 𝑌𝑘−1𝑄𝑔,ℎ
𝜋𝑘−1

𝑥ℎ ,⋅ , 𝜋ℎ ⋅ |𝑥ℎ

−
1

𝛼
෍

ℎ=1

𝐻

𝐷 𝜋ℎ ⋅ |𝑥ℎ , ෤𝜋ℎ
𝑘−1 ⋅ |𝑥ℎ

Lagrangian-based 
improvement 

Regularization  

𝜋
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➢ Dual update 
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Primal-Dual Proximal Policy Optimization 

Achiam, Held, Tamar, & Abbeel, ’17
Cai, Yang, Jin, Wang, ’20

➢ Primal policy update 

𝜋𝑘 ⟵ argmax ෍

ℎ=1

𝐻

𝑄𝑟,ℎ
𝑘−1 + 𝑌𝑘−1𝑄𝑔,ℎ

𝑘−1 𝑥ℎ ,⋅ , 𝜋ℎ ⋅ |𝑥ℎ

−
1

𝛼
෍

ℎ=1

𝐻

𝐷 𝜋ℎ ⋅ |𝑥ℎ , ෤𝜋ℎ
𝑘−1 ⋅ |𝑥ℎ

➢ Dual update 

𝑌𝑘  ⟵  Proj 𝑌𝑘−1 + 𝜂 𝑏 − 𝑉𝑔,1
𝑘−1 𝑥1

Lagrangian-based 
improvement 

Regularization  

𝜋



Policy Evaluation With Optimism 

Cai, Yang,  Jin, & Wang, ’99

➢ Least-squares temporal difference

𝑢𝑟,ℎ
𝑘 ⟵ argmin ෍

𝜏=1

𝑘−1

𝑟ℎ 𝑥ℎ
𝜏 , 𝑎ℎ

𝜏 − 𝜑 𝑥ℎ
𝜏 , 𝑎ℎ

𝜏 𝑇𝑢 2 + 𝜆 𝑢 2

𝑢

𝜔𝑟,ℎ
𝑘 ⟵ argmin ෍

𝜏=1

𝑘−1

𝑉𝑟,ℎ+1
𝜏 𝑥ℎ+1

𝜏 − 𝜙𝑟,ℎ
𝜏 𝑥ℎ

𝜏 , 𝑎ℎ
𝜏 𝑇𝜔

2
+ 𝜆 𝜔 2

𝜔

➢ Upper confidence bound (UCB) exploration

𝑄𝑟,ℎ
𝑘  ≅  𝜑𝑇𝑢𝑟,ℎ

𝑘  + 𝜙𝑟,ℎ
𝜏 𝑇

𝜔𝑟,ℎ
𝑘  +  Γℎ

𝑘  +  Γ𝑟,ℎ
𝑘  ≥  𝑄𝑟,ℎ

𝜋𝑘

UCBs  ℙℎ𝑉𝑟,ℎ+1
𝑘𝑟ℎ



Our Result

➢ Algorithm: Optimistic Primal-Dual Proximal Policy Optimization 

Primal-dual proximal policy optimization  +  Optimistic policy evaluation



Our Result

➢ Algorithm: Optimistic Primal-Dual Proximal Policy Optimization 

➢ Regret and constraint violation guarantees   

Regret 𝐾  =  ෨𝑂  𝑑 𝐻2.5 𝑇 Violation 𝐾  =  ෨𝑂  𝑑 𝐻2.5 𝑇 

Primal-dual proximal policy optimization  +  Optimistic policy evaluation

✓ 𝑑2 𝐻5/𝜖2 - polynomial sample complexity 
✓ No any strong requirements on sampling models

✓ No explicit dependence on state space size |𝒮|

𝑇: Total number of steps;    𝐻: Horizon length;    𝑑: Dimension of features.
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